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Abstract
We study the production of two almost back-to-back hadrons from the annihilation of an electron
and a positron, allowing for the polarization of all particles involved. In particular, we conduct
a general (model-independent) structure function decomposition of the cross section for the case
e+e−→ γ∗ → hahbX . Moreover, using the parton model we calculate the relevant structure func-
tions in terms of twist-2 transverse momentum dependent (TMD) fragmentation functions (FFs).
We also give results for the situation e+e− → Z∗ → hahbX (including γ-Z interference) within
this model. This is the first time a complete framework has been presented for the examination of
TMD FFs within e+e−→ hahbX . We also specify certain parts of our analysis that hold for the
triple-polarized semi-inclusive deep-inelastic scattering process and for di-hadron fragmentation.
Furthermore, we give an explicit prescription of how our work can be translated to the Drell-Yan
reaction, which provides for the first time full results for double-polarized Drell-Yan that include
electroweak effects. We further discuss the relevance of our e+e− → hahbX results for future
experiments at e+e− machines.
1 Introduction
The cross section for electron-positron annihilation into hadrons where one does not detect a specific
hadron in the final state was an early test for perturbative QCD (see, e.g., [1]). However, such analyses
are unable to access the internal (long distance) structure of hadrons. On the other hand, if one or
more hadrons are identified in the final state, then these inner-workings can be probed. In particular,
one can strictly study fragmentation functions (FFs), which embody the process of a parton forming a
hadron, and they contain important information about the strong interaction in the non-perturbative
regime. Both the Belle Collaboration at KEK in Japan and the BABAR Collaboration at SLAC in
the US have e+e− machines and have performed measurements of a certain azimuthal asymmetry that
occurs in electron-positron annihilations when two charged unpolarized almost back-to-back pions are
detected in the final state, i.e., e+e−→ π+π−X [2,3]. As shown in Ref.[4], this asymmetry gives access
to the Collins function H⊥1 [5], which describes the fragmentation of a transversely polarized quark
into an unpolarized hadron. (See also [6] for a comprehensive review of this process in the context
of extracting the Collins function.) Along with an asymmetry involving the Collins function and
the transversity h1 that has been determined in semi-inclusive deep-inelastic scattering (SIDIS) [7–9],
extractions of both functions have been performed [10–12]. The one especially of the transversity
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parton distribution function (PDF) represents a milestone in transverse spin physics. Numerous other
asymmetries also exist in the e+e− → hahbX cross section that involve the polarization of one or
both detected hadrons. Such asymmetries could be readily studied in a situation involving hyperons,
e.g., e+e−→ πΛX or e+e−→ ΛΛ¯X, since through its weak decay the spin of the hyperon can be
reconstructed. Little information exists on polarized FFs — see, e.g., [13] and references therein.
Therefore, measurements detecting transversely and longitudinally polarized hadrons could provide
valuable insight into the fragmentation process.
In this paper we focus on the angular distribution of the electron-positron annihilation cross section
for the production of almost back-to-back polarized hadron pairs. This process has been analyzed
before for the situation e+e−→ γ∗ → hahbX [4,6] as well as e+e−→ Z∗ → hahbX [6,14], and we will
extend upon these previous works. (Note that the case where only one hadron is detected has also
been studied recently [15].) To be specific, in part of the work [4], the authors, using a diagrammatic
approach, evaluate the hadronic tensor in a specific frame up to twist-3 accuracy and compute the fully
differential cross section to twist-2 accuracy. We first discuss in Sect. 2 how constraints on the hadronic
tensor that enters into e+e−→ γ∗ → hahbX enable us to determine its general form, which allows
the fully differential cross section to be written valid to any twist and in any frame. Note that this
general form of the hadronic tensor can be readily used in triple-polarized SIDIS (i.e., beam, target,
detected hadron all polarized) and for di-hadron fragmentation. We then write down the cross section
for e+e−→ γ∗ → hahbX in Sect. 3 after a discussion about reference frames. We next in Sect. 4 use the
parton model to calculate the structure functions to twist-2 accuracy for both the reaction involving
γ∗ and the one involving Z∗. In particular, for the latter process we allow for both hadrons to be
polarized and also include γ-Z interference terms. Note that Ref. [14] only considered Z-Z terms with
one hadron polarized1 while Ref. [6] included γ-Z interference but only for unpolarized hadrons. In
none of the works [6,14,16] were polarized leptons and/or double hadron polarization included in the
electroweak case. This is the first time a complete framework has been presented for the examination
of TMD FFs within e+e−→ hahbX. We mention that the electroweak process especially would be
relevant for a proposed International Linear Collider (ILC) [17]. Finally, in Sect. 5 we give an explicit
prescription of how our work can be translated to the Drell-Yan reaction. This again is the first
time full results are available for double-polarized Drell-Yan that include electroweak effects. Such
experiments could be performed at the Relativistic Heavy Ion Collider (RHIC). We also comment
on some advantages of including lepton polarization in e+e−→ hahbX. Some of these involve new
structure functions that have not appeared in the literature before, and, in particular, allow one to
test the TMD evolution formalism. We end with some additional concluding remarks.
2 Decomposition of the hadronic tensor
To be definitive, we consider the process
e+(l′, λ′) + e−(l, λ)→ (γ∗(q) or Z∗(q))→ ha(Pa, Sa) + hb(Pb, Sb) +X , (2.1)
where the momenta and polarizations of the particles are indicated. The momentum Pa and spin Sa
satisfy P 2a = M
2
a , S
2
a = −1, Pa ·Sa = 0 and likewise for Pb, Sb. The helicities λ, λ′ of the leptons
satisfy λ = λ′ ≡ λe. The differential cross section can be written as the contraction of a leptonic
tensor Lµν with a hadronic tensor W µν [4, 6, 14] (as we show in Fig. 1):
4
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1In principle, one can also obtain the γ-Z terms for single hadron polarization from the work in [16] on Drell-Yan.
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Figure 1: Cross section for e+e− → ha hbX in terms of its leptonic and hadronic parts. The lep-
tonic piece contains the (squared) electron-positron interaction, and the hadronic factor contains the
(squared) decay of the virtual boson into the two detected hadrons and other (unobserved) parti-
cles. The former can be calculated perturbatively, while the latter is non-perturbative and can be
parameterized. See text for details.
where (including an average over λ′)
Lµνγγ(l, l
′;λe) =
1
q4
(
l′µlν + l′ν lµ − q2gµν/2− iλeǫµνρσlρl′σ
)
, (2.3)
LµνZZ(l, l
′;λe) =
1 + a2Z + 2λeaZ
(q2 −M2Z)2 + Γ2ZM2Z
(
l′µlν + l′ν lµ − q2gµν/2− iλeǫµνρσlρl′σ
)
, (2.4)
LµνγZ(l, l
′;λe) = − λe + aZ
q2(q2 −M2Z − iΓZMZ)
(
l′µlν + l′ν lµ − q2gµν/2− iλeǫµνρσlρl′σ
)
, (2.5)
and
W µναβ (q;Pa, Sa;Pb, Sb) =
1
(2π)4
∑
X
∫
(2π)4 δ(4)(q − PX − Pa − Pb)Hµναβ(PX ;Pa, Sa;Pb, Sb) , (2.6)
with
Hµναβ(PX ;Pa, Sa;Pb, Sb) = 〈0|Jνβ (0)|PX ;Pa, Sa;Pb, Sb〉〈PX ;Pa, Sa;Pb, Sb|Jµα (0)|0〉 , (2.7)
where α and β indicate the gauge boson species, i.e., α, β ∈ {γ, Z}. The factor Jµα in Eq. (2.7)
is the current operator associated with the gauge boson α. The fine structure constant is given
by αem = e
2/4π ≈ 1/137, and the weak coupling is related to the Fermi constant GF via αew =√
2GFM
2
W /π ≈ 0.034, with the W -boson mass MW ≈ 80.389GeV. On the lepton side we have
aZ = −1 + 4 sin2 θW , with the Weinberg angle θW given by sin2 θW ≈ 0.231, cos θW ≈ MW /MZ ,
where the mass of the Z-boson is MZ ≈ 91.188GeV. We also implement a Z-boson decay width
ΓZ ≈ 2.495GeV as an imaginary part into the Z propagator.
We will restrict our general (model-independent) discussion of the hadronic tensor (and the cross
section in Sect. 3) to the pure electromagnetic case (i.e., only the γγ term in Eq. (2.2)). Note that this
analysis of the hadronic tensor also holds for triple-polarized SIDIS. Moreover, the result is not limited
to the case where the hadrons are almost back-to-back but, in particular, also applies to di-hadron
fragmentation. Di-hadron FFs have gained attention over the years because, for example, they allow
one to access the transversity function within collinear factorization [18–21]. Such an extraction of
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the transversity function has been performed recently [22]. However, since more convenient reference
frames are chosen for di-hadron fragmentation [23,24] than the ones we present in Sect. 3 (which are
more suitable for the back-to-back case), the cross section given there cannot be directly taken over for
di-hadron fragmentation. Likewise, for the triple-polarized SIDIS process one must work, for example,
in the target rest frame [25] in order to obtain a useful result for the cross section.
The hadronic tensor in (2.6) (where now we have α = β = γ) encodes the non-perturbative
piece of the reaction and remains an unknown in the process. Nevertheless, it must satisfy certain
constraints, namely, electromagnetic (em) gauge invariance, parity, and Hermiticity. These restrictions
are quantitatively given by
qµW
µν(Pa, Sa;Pb, Sb; q) = qνW
µν(Pa, Sa;Pb, Sb; q) = 0 (em gauge invariance) , (2.8)
W µν(Pa, Sa;Pb, Sb; q) =W
µν(P¯a,−S¯a; P¯b,−S¯b; q) (parity) , (2.9)
W µν(Pa, Sa;Pb, Sb; q) = [W
νµ(Pa, Sa;Pb, Sb; q)]
∗ (Hermiticity) . (2.10)
Note that a¯µ = aµ for a generic vector a, and we have dropped the γγ subscript on the hadronic tensor
for brevity. From these conditions we can break down the hadronic tensor into basis tensors multiplied
by structure functions. Such a decomposition was conducted previously for the Drell-Yan process
(and the cross section at twist-2 was calculated) [26] (see also [27–31]); we follow a similar procedure
here. However, one additional complication in our case is the inclusion of lepton polarization. This
directly leads to the antisymmetric piece of the leptonic tensor (cf. Eq. (2.3)). Thus, not only does the
symmetric part W S of the hadronic tensor contribute (like in Drell-Yan) but also the antisymmetric
term WA.
The approach to writing the hadronic tensor in terms of basis tensors follows along the same lines
for both the symmetric and antisymmetric parts. Here we will restrict ourselves to the antisymmetric
piece since the decomposition of the symmetric term was already examined in Ref. [26]. We will look
separately at the situations where the hadrons both are unpolarized, only one (ha or hb) is polarized,
or both are polarized. First, for the case where both hadrons are unpolarized, we have three available
vectors on which the hadronic tensor can depend: Pµa , P
µ
b , q
µ. This leads to the following basis
consistent with the parity constraint:
hA,µνU,1 = P
µ
a P
ν
b − P νa Pµb , (2.11)
hA,µνU,2 = P
µ
a q
ν − P νa qµ, (2.12)
hA,µνU,3 = P
µ
b q
ν − P νb qµ, (2.13)
where the superscript A indicates that these are antisymmetric tensors and the subscript U indicates
that both hadrons are unpolarized. We now impose em gauge invariance through a method introduced
in Ref. [32] by using a projection tensor defined as
Pµν = gµν − q
µqν
q2
. (2.14)
We allow this operator to act on the tensors in Eqs. (2.11)–(2.13) as follows:
hA,µνU,i → Pµρ hA,ρσU,i P νσ . (2.15)
Notice that qµPµν = Pµνqν = 0 so that only (2.11) survives this projection. We now have
tA,µνU,1 = P˜
µ
a P˜
ν
b − P˜ νa P˜µb , (2.16)
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where a˜µ ≡ aµ − qµ q · a/q2, and we use the symbol t for the tensors that form our final basis. Thus,
we can write
WA,µνU = iV
A
U,1 t
A,µν
U,1 , (2.17)
where V AU,1 is a real valued function (structure function) depending on scalar variables of the reaction.
The factor of i shows up in Eq. (2.17) because the Hermiticity constraint requires the coefficients of
the antisymmetric basis tensors to be pure imaginary. For the symmetric part of the hadronic tensor,
we simply state the result from Ref. [26] obtained from the same procedure outlined above:
W S,µνU =
4∑
i=1
V SU,i t
S,µν
U,i , (2.18)
where
tS,µνU,1 = g
µν − q
µqν
q2
, (2.19)
tS,µνU,2 = P˜
µ
a P˜
ν
a , (2.20)
tS,µνU,3 = P˜
µ
b P˜
ν
b , (2.21)
tS,µνU,4 = P˜
µ
a P˜
ν
b + P˜
ν
a P˜
µ
b . (2.22)
Note again V SU,i is real valued and depends on scalar variables of the reaction, but no factor of i enters
(2.18) because Hermiticity implies the coefficients of the symmetric basis tensors are real.
Next, for the case where only ha is polarized, we now have S
µ
a along with P
µ
a , P
µ
b , q
µ as the vectors
from which we can form our basis. The antisymmetric tensors we can create that respect parity are
given by
hA,µνa,1 , h
A,µν
a,2 , h
A,µν
a,3 = ǫ
qPaPbSa {Pµa P νb − P νa Pµb , Pµa qν − P νa qµ, Pµb qν − P νb qµ} , (2.23)
hA,µνa,4 , h
A,µν
a,5 , h
A,µν
a,6 = {ǫµνSaPa , ǫµνSaPb , ǫµνSaq} , (2.24)
hA,µνa,7 , h
A,µν
a,8 = (ǫ
µqPaPbqν − ǫνqPaPbqµ){q ·Sa, Pb ·Sa} , (2.25)
hA,µνa,9 , h
A,µν
a,10 = (ǫ
µqPaPbP νa − ǫνqPaPbPµa ){q ·Sa, Pb ·Sa} , (2.26)
hA,µνa,11 , h
A,µν
a,12 = (ǫ
µqPaPbP νb − ǫνqPaPbPµb ){q ·Sa, Pb ·Sa} , (2.27)
hA,µνa,13 = ǫ
µqPaSaqν − ǫνqPaSaqµ , (2.28)
hA,µνa,14 = ǫ
µqSaPbqν − ǫνqSaPbqµ , (2.29)
hA,µνa,15 = ǫ
µSaPaPbqν − ǫνqPaPbqµ , (2.30)
hA,µνa,16 = ǫ
µqPaSaP νa − ǫνqPaSaPµa , (2.31)
hA,µνa,17 = ǫ
µqSaPbP νa − ǫνqSaPbPµa , (2.32)
hA,µνa,18 = ǫ
µSaPaPbP νa − ǫνSaPaPbPµa , (2.33)
hA,µνa,19 = ǫ
µqPaSaP νb − ǫνqPaSaPµb , (2.34)
hA,µνa,20 = ǫ
µqSaPbP νb − ǫνqSaPbPµb , (2.35)
hA,µνa,21 = ǫ
µSaPaPbP νb − ǫνSaPaPbPµb , (2.36)
hA,µνa,22 = ǫ
µqPaPbSνa − ǫνqPaPbSµa , (2.37)
hA,µνa,23 , h
A,µν
a,24 , h
A,µν
a,25 = Pb ·Sa {ǫµνPaq, ǫµνPbq, ǫµνPaPb} , (2.38)
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hA,µνa,26 , h
A,µν
a,27 , h
A,µν
a,28 = q ·Sa {ǫµνPaq, ǫµνPbq, ǫµνPaPb} . (2.39)
Note that the subscript a indicates that ha is polarized, and we have used the shorthand ǫ
abcd =
ǫµνρσaµbνcρdσ . However, not all of the tensors (2.23)–(2.39) are independent of each other. We can
use the identity
gαβǫµνρσ = gµβǫανρσ + gνβǫµαρσ + gρβǫµνασ + gσβǫµνρα (2.40)
to show that 19 of them can be eliminated because they can be written in terms of the other 9 tensors.
For example,
hA,µνa,1 = ǫ
τγρσqτPa,γPb,ρSa,σg
µαPa,αP
ν
b − (µ↔ ν)
= q ·Pa ǫµPaPbSa +M2a ǫqµPbSaP νb + Pa ·Pb ǫqPaµSaP νb − (µ↔ ν)
= q ·Pa hA,µνa,21 +M2a hA,µνa,20 + Pa ·Pb hA,µνa,19 . (2.41)
Through relations among the other tensors that can be established in a similar way, one finds that
hA,µνa,1 , h
A,µν
a,2 , h
A,µν
a,3 , h
A,µν
a,7 , . . . , h
A,µν
a,22 can be removed. Now we impose em gauge invariance on the
remaining tensors. This leads to the following set:
t′A,µνa,1 , t
′A,µν
a,2 , t
′A,µν
a,3 = {ǫ˜µνSaPa + ǫµνSaPa , ǫ˜µνSaPb + ǫµνSaPb , ǫµνSaq} , (2.42)
t′A,µνa,4 , t
′A,µν
a,5 , t
′A,µν
a,6 = Pb ·Sa {ǫµνPaq, ǫµνPbq, ǫ˜µνPaPb + ǫµνPaPb} , (2.43)
t′A,µνa,7 , t
′A,µν
a,8 , t
′A,µν
a,9 = q ·Sa {ǫµνPaq, ǫµνPbq, ǫ˜µνPaPb + ǫµνPaPb} , (2.44)
where
ǫ˜µνab =
qµǫνqab − qνǫµqab
q2
. (2.45)
We have used a t′ for these tensors because it turns out once we contract them with ǫµνll
′
(i.e., calculate
the cross section), there are redundant contributions. For example,
ǫ ll
′
µν t
′A,µν
a,1 = q ·Pa (l − l′) ·Sa + q ·Sa (l′ − l) ·Pa = −
q ·Pa
q2
ǫ ll
′
µν t
′A,µν
a,3 +
1
q2
ǫ ll
′
µν t
′A,µν
a,7 . (2.46)
In this regard the analysis with polarized leptons differs from one with unpolarized leptons, where no
such repetition of terms occurs. In the end, one can discard 4 tensors, and we choose to eliminate
t′A,µνa,1 , t
′A,µν
a,2 , t
′A,µν
a,6 , t
′A,µν
a,9 . This leaves us with our final form for the single-polarized antisymmetric
piece of the hadronic tensor:
WA,µνa =
5∑
i=1
iV Aa,i t
A,µν
a,i , (2.47)
where
tA,µνa,1 = ǫ
µνSaq , (2.48)
tA,µνa,2 , t
A,µν
a,3 = Pb ·Sa {ǫµνPaq, ǫµνPbq} , (2.49)
tA,µνa,4 , t
A,µν
a,5 = q ·Sa {ǫµνPaq, ǫµνPbq} . (2.50)
Likewise, for the case where only hb is polarized, we have
WA,µνb =
5∑
i=1
iV Ab,i t
A,µν
b,i , (2.51)
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where
tA,µνb,1 = ǫ
µνSbq , (2.52)
tA,µνb,2 , t
A,µν
b,3 = Pa ·Sb {ǫµνPaq, ǫµνPbq} , (2.53)
tA,µνb,4 , t
A,µν
b,5 = q ·Sb {ǫµνPaq, ǫµνPbq} . (2.54)
As before, we just give the result from Ref. [26] for the symmetric part of the hadronic tensor when
only ha or hb, respectively, is polarized:
W S,µνa =
8∑
i=1
V Sa,i t
S,µν
a,i , (2.55)
where
tS,µνa,1 , . . . , t
S,µν
a,4 = ǫ
SaqPaPb
{
gµν − q
µqν
q2
, P˜µa P˜
ν
a , P˜
µ
b P˜
ν
b , P˜
µ
a P˜
ν
b + P˜
ν
a P˜
µ
b
}
, (2.56)
tS,µνa,5 , t
S,µν
a,6 = {Sa · q, Sa ·Pb} (ǫµqPaPbP˜ νa + ǫνqPaPbP˜µa ) , (2.57)
tS,µνa,7 , t
S,µν
a,8 = {Sa · q, Sa ·Pb} (ǫµqPaPbP˜ νb + ǫνqPaPbP˜µb ) , (2.58)
and
W S,µνb =
8∑
i=1
V Sb,i t
S,µν
b,i , (2.59)
where
tS,µνb,1 , . . . , t
S,µν
b,4 = ǫ
SbqPbPa
{
gµν − q
µqν
q2
, P˜µa P˜
ν
a , P˜
µ
b P˜
ν
b , P˜
µ
a P˜
ν
b + P˜
ν
a P˜
µ
b
}
, (2.60)
tS,µνb,5 , t
S,µν
b,6 = {Sb · q, Sb ·Pa} (ǫµqPbPaP˜ νa + ǫνqPbPaP˜µa ) , (2.61)
tS,µνb,7 , t
S,µν
b,8 = {Sb · q, Sb ·Pa} (ǫµqPbPaP˜ νb + ǫνqPbPaP˜µb ) . (2.62)
Lastly, for the situation where both ha and hb are polarized, the vectors available to us are S
µ
a , S
µ
b ,
Pµa , P
µ
b , and q
µ. This leads to the following set of antisymmetric tensors consistent with the parity
constraint:
hA,µνab,1 , h
A,µν
ab,2 , h
A,µν
ab,3 = Sa ·Sb {qµP νa − qνPµa , qµP νb − qνPµb , Pµa P νb − P νa Pµb } , (2.63)
hA,µνab,4 , h
A,µν
ab,5 , h
A,µν
ab,6 = Sa · q Sb · q {qµP νa − qνPµa , qµP νb − qνPµb , Pµa P νb − P νa Pµb } , (2.64)
hA,µνab,7 , h
A,µν
ab,8 , h
A,µν
ab,9 = Sa · q Sb ·Pa {qµP νa − qνPµa , qµP νb − qνPµb , Pµa P νb − P νa Pµb } , (2.65)
hA,µνab,10, h
A,µν
ab,11, h
A,µν
ab,12 = Sb · q Sa ·Pb {qµP νa − qνPµa , qµP νb − qνPµb , Pµa P νb − P νa Pµb } , (2.66)
hA,µνab,13, h
A,µν
ab,14, h
A,µν
ab,15 = Sa ·Pb Sb ·Pa {qµP νa − qνPµa , qµP νb − qνPµb , Pµa P νb − P νa Pµb } , (2.67)
hA,µνab,16, h
A,µν
ab,17, h
A,µν
ab,18 = Sa · q {Sµb qν − Sνb qµ, Sµb P νa − Sνb Pµa , Sµb P νb − Sνb Pµb } , (2.68)
hA,µνab,19, h
A,µν
ab,20, h
A,µν
ab,21 = Sb · q {Sµa qν − Sνaqµ, SµaP νa − SνaPµa , SµaP νb − SνaPµb } , (2.69)
hA,µνab,22, h
A,µν
ab,23, h
A,µν
ab,24 = Sa ·Pb {Sµb qν − Sνb qµ, Sµb P νa − Sνb Pµa , Sµb P νb − Sνb Pµb } , (2.70)
hA,µνab,25, h
A,µν
ab,26, h
A,µν
ab,27 = Sb ·Pa {Sµa qν − Sνaqµ, SµaP νa − SνaPµa , SµaP νb − SνaPµb } , (2.71)
hA,µνab,28 = S
µ
aS
ν
b − SνaSµb . (2.72)
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Note that the subscript ab now indicates both hadrons are polarized. We are able to eliminate one
tensor from Eqs. (2.63)–(2.72) through use of the determinant identity
Dµαβγδ;να¯β¯γ¯δ¯ =
∣∣∣∣∣∣∣∣∣∣∣
gµν gµα¯ gµβ¯ gµγ¯ gµδ¯
gαν gαα¯ gαβ¯ gαγ¯ gαδ¯
gβν gβα¯ gββ¯ gβγ¯ gβδ¯
gγν gγα¯ gγβ¯ gγγ¯ gγδ¯
gδν gδα¯ gδβ¯ gδγ¯ gδδ¯
∣∣∣∣∣∣∣∣∣∣∣
= 0 , (2.73)
which was also used in Ref. [26] for the symmetric case. From (2.73) one easily obtains
Dµαβγδ;να¯β¯γ¯δ¯ (S
α
a S
α¯
b − Sα¯aSαb ) qβqβ¯P γa P γ¯a P δb P δ¯b = 0 , (2.74)
which allows us to write hA,µνab,28 as a linear combination of the other 27 tensors. Here we refrain from
explicitly giving the lengthy expression, but the main point is that we can remove hA,µνab,28. The identity
(2.73) does not lead to any further relations among the tensors. We now impose em gauge invariance
on the tensors that remain in order to determine the final form of the double-polarized antisymmetric
part of the hadronic tensor:
WA,µνab =
13∑
i=1
iV Aab,i t
A,µν
ab,i , (2.75)
where
tA,µνab,1 , . . . , t
A,µν
ab,5 = (P˜
µ
a P˜
ν
b − P˜ νa P˜µb ) {Sa ·Sb, Sa · q Sb · q,
Sa · q Sb ·Pa, Sb · q Sa ·Pb, Sa ·Pb Sb ·Pa} , (2.76)
tA,µνab,6 , t
A,µν
ab,7 = Sa · q {S˜µb P˜ νa − S˜νb P˜µa , S˜µb P˜ νb − S˜νb P˜µb } , (2.77)
tA,µνab,8 , t
A,µν
ab,9 = Sb · q {S˜µa P˜ νa − S˜νa P˜µa , S˜µa P˜ νb − S˜νa P˜µb } , (2.78)
tA,µνab,10, t
A,µν
ab,11 = Sa ·Pb {S˜µb P˜ νa − S˜νb P˜µa , S˜µb P˜ νb − S˜νb P˜µb } , (2.79)
tA,µνab,12, t
A,µν
ab,13 = Sb ·Pa {S˜µa P˜ νa − S˜νa P˜µa , S˜µa P˜ νb − S˜νa P˜µb } . (2.80)
Again, we simply state the result for the symmetric part of the double-polarized hadronic tensor [26]:
W S,µνab =
28∑
i=1
V Sab,i t
S,µν
ab,i , (2.81)
where
tS,µνab,1 , . . . , t
S,µν
ab,4 = Sa ·Sb
{
gµν − q
µqν
q2
, P˜µa P˜
ν
a , P˜
µ
b P˜
ν
b , P˜
µ
a P˜
ν
b + P˜
ν
a P˜
µ
b
}
, (2.82)
tS,µνab,5 , . . . , t
S,µν
ab,8 = Sa · q Sb · q
{
gµν − q
µqν
q2
, P˜µa P˜
ν
a , P˜
µ
b P˜
ν
b , P˜
µ
a P˜
ν
b + P˜
ν
a P˜
µ
b
}
, (2.83)
tS,µνab,9 , . . . , t
S,µν
ab,12 = Sa · q Sb ·Pa
{
gµν − q
µqν
q2
, P˜µa P˜
ν
a , P˜
µ
b P˜
ν
b , P˜
µ
a P˜
ν
b + P˜
ν
a P˜
µ
b
}
, (2.84)
tS,µνab,13, . . . , t
S,µν
ab,16 = Sb · q Sa ·Pb
{
gµν − q
µqν
q2
, P˜µa P˜
ν
a , P˜
µ
b P˜
ν
b , P˜
µ
a P˜
ν
b + P˜
ν
a P˜
µ
b
}
, (2.85)
tS,µνab,17, . . . , t
S,µν
ab,20 = Sa ·Pb Sb ·Pa
{
gµν − q
µqν
q2
, P˜µa P˜
ν
a , P˜
µ
b P˜
ν
b , P˜
µ
a P˜
ν
b + P˜
ν
a P˜
µ
b
}
, (2.86)
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tS,µνab,21, t
S,µν
ab,22 = Sa · q {S˜µb P˜ νa + S˜νb P˜µa , S˜µb P˜ νb + S˜νb P˜µb } , (2.87)
tS,µνab,23, t
S,µν
ab,24 = Sb · q {S˜µa P˜ νb + S˜νa P˜µb , S˜µa P˜ νa + S˜νa P˜µa } , (2.88)
tS,µνab,25, t
S,µν
ab,26 = Sa ·Pb {S˜µb P˜ νa + S˜νb P˜µa , S˜µb P˜ νb + S˜νb P˜µb } , (2.89)
tS,µνab,27, t
S,µν
ab,28 = Sb ·Pa {S˜µa P˜ νb + S˜νa P˜µb , S˜µa P˜ νa + S˜νa P˜µa } . (2.90)
Thus, the total hadronic tensor for the pure electromagnetic case reads
W µνγγ =W
A,µν
U +W
S,µν
U +W
A,µν
a +W
A,µν
b +W
S,µν
a +W
S,µν
b +W
A,µν
ab +W
S,µν
ab , (2.91)
where the individual terms are given by Eqs. (2.17), (2.18), (2.47), (2.51), (2.55), (2.59), (2.75), (2.81),
respectively, and 72 structure functions enter into the result (24 associated with antisymmetric basis
tensors and 48 with symmetric). If we only considerWAU +W
S
U +W
A
a +W
S
a , then 18 structure functions
show up, which is exactly the same number obtained in, e.g., SIDIS when one allows for beam and
target polarization [25, 33]. We mention again that, using a diagrammatic approach, the hadronic
tensor was written down before in Ref. [4] but only within a specific frame and just up to terms of
twist-3 accuracy. Our analysis has provided a decomposition of the hadronic tensor valid to any twist
and of use in any frame.
3 Reference frames and the cross section
We are now in a position to calculate the general form of the cross section by contracting the leptonic
tensor (2.3) with the hadronic tensor (2.91) (cf. Eq. (2.2)). However, in order for one to obtain a
general angular distribution of this cross section, a reference frame must be chosen. Here we have in
mind that the two hadrons are almost back-to-back. In the following we specify a di-lepton rest frame
that is similar to the Collins-Soper (CS) frame [34] and define the hadronic cm frame. The former was
introduced (along with another di-lepton rest frame akin to the Gottfried-Jackson (GJ) frame [35])
in the context of e+e−→ hahbX in Refs. [4, 6]. Both frames are also widely used when studying the
Drell-Yan process. (For e+e− collisions, it might seem more natural to call the “di-lepton rest frame”
a “leptonic cm frame” and the “hadronic cm frame” a “di-hadron rest frame.” However, in order to
avoid confusion, we will stick with the terminology from Drell-Yan, especially since we refer to the
CS (and GJ) frames.) We mention that the experimental analyses of e+e−→ hahbX performed by
Belle and BABAR [2,3] are done twice: once in the GJ frame, and once in the so-called “thrust-axis”
frame [6, 12, 36]. The latter cannot be related to the CS frame and actually requires the detection
of an additional jet in the final state. Nevertheless, the cross section takes on its most compact and
transparent form when written in terms of angles from a di-lepton rest frame. In this case we will use
angles from the CS frame but will explain in Sect. 4 how one can easily write down the cross section
(and find values for the structure functions) at twist-2 in terms of angles from the GJ frame, and,
thus, make an exact connection to experiment.
The analogue of the CS frame is shown in Fig. 2, and the components of lµ, l′µ, Pµa , P
µ
b , q
µ in this
frame are given by
lµCS =
q
2
(1, sin θ cosφ, sin θ sinφ, cos θ) , (3.1)
l′µCS =
q
2
(1, − sin θ cosφ, − sin θ sinφ, − cos θ) , (3.2)
Pµa,CS ≈ P 0a,CS (1, sinβ, 0, − cos β) , (3.3)
Pµb,CS ≈ P 0b,CS (1, sin β, 0, cos β) , (3.4)
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Figure 2: Analogue of the Collins-Soper frame for e+e−→ hahbX. The incoming electron makes an
angle θ w.r.t. the +z-axis, and the plane spanned by the outgoing hadrons forms an angle φ w.r.t. the
lepton plane. Note that both hadrons form the same angle β w.r.t the +z-axis.
qµCS = (q, 0, 0, 0) , (3.5)
where for Pa and Pb we have neglected the masses of the hadrons. On the other hand, the components
of Pµa , P
µ
b , q
µ in the hadronic cm frame shown in Fig. 3 are given by
Pµa,cm ≈ P 0a,cm (1, 0, 0, −1) , (3.6)
Pµb,cm ≈ P 0b,cm (1, 0, 0, 1) , (3.7)
qµcm = (q
0
cm, q⊥,cm, 0, qL,cm) . (3.8)
Note that we can fix the transverse momentum of the virtual photon to be along the +x-axis without
loss of generality.
One can obtain the Lorentz transformation Mµν from the hadronic cm frame to the CS frame
through a boost along the +z-axis that eliminates qL,cm followed by a boost along the +x-axis that
removes q⊥,cm. The result is
Mµν =
1
q

q0cm −q⊥,cm 0 −qL,cm
−q0cm sin ξ q/ cos ξ 0 qL,cm sin ξ
0 0 q 0
−qL,cm cos ξ 0 0 q0cm cos ξ
 , (3.9)
where cos ξ = 1/
√
1 + ρ2 and sin ξ = ρ/
√
1 + ρ2 with ρ = q⊥,cm/q. (Note that a boost first along the
+x-axis and then along the +z-axis does not take us to the CS frame.) Applying the matrix (3.9) to
Eqs. (3.6)–(3.8) gives us
Pµa,CS ≈
P 0a,cm
q
(q0cm + qL,cm) (1, − sin ξ, 0, − cos ξ) , (3.10)
Pµb,CS ≈
P 0b,cm
q
(q0cm − qL,cm) (1, − sin ξ, 0, cos ξ) , (3.11)
qµCS = (q, 0, 0, 0) . (3.12)
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Figure 3: Hadronic center-of-mass frame for e+e−→ hahbX. The hadron hb (ha) moves along the
+z-axis (−z-axis), and the transverse momentum of the virtual photon defines the +x-axis.
Comparing Eqs. (3.10), (3.11) to Eqs. (3.3), (3.4) allows us to make the identifications
P 0a,CS =
P 0a,cm
q
(q0cm + qL,cm) , (3.13)
P 0b,CS =
P 0b,cm
q
(q0cm − qL,cm) , (3.14)
β = −ξ . (3.15)
Likewise, the inverse Lorentz transformation that takes us from the CS frame to the hadronic cm
frame reads
(M−1)µν =
1
q

q0cm q
0
cm sin ξ 0 qL,cm cos ξ
q⊥,cm q/ cos ξ 0 0
0 0 q 0
qL,cm qL,cm sin ξ 0 q
0
cm cos ξ
 . (3.16)
Applying the matrix (3.16) to Eqs. (3.1), (3.2) gives us
lµcm =
1
2

q0cm(1 + sin ξ sin θ cosφ) + qL,cm cos ξ cos θ
q⊥,cm + q sin θ cosφ/ cos ξ
q sin θ sinφ
qL,cm(1 + sin ξ sin θ cosφ) + q
0
cm cos ξ cos θ
 , (3.17)
l′µcm =
1
2

q0cm(1− sin ξ sin θ cosφ)− qL,cm cos ξ cos θ
q⊥,cm − q sin θ cosφ/ cos ξ
−q sin θ sinφ
qL,cm(1− sin ξ sin θ cosφ)− q0cm cos ξ cos θ
 . (3.18)
One can also write the covariant spin vectors Sµa , S
µ
b in the hadronic cm frame:
Sµa,cm =
(
Λa,cm
|~Pa,cm|
Ma
, |~Sa⊥,cm| cos φa, |~Sa⊥,cm| sinφa, −Λa,cm
P 0a,cm
Ma
)
, (3.19)
Sµb,cm =
(
Λb,cm
|~Pb,cm|
Mb
, |~Sb⊥,cm| cosφb, |~Sb⊥,cm| sinφb, Λb,cm
P 0b,cm
Mb
)
, (3.20)
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where Λa(b),cm and ~Sa(b)⊥,cm are the helicity and transverse spin, respectively, for ha (hb), and the
azimuthal angle of ~Sa(b)⊥,cm w.r.t. ~q⊥,cm is given by φa(b).
We are finally in a position to give the general angular decomposition of the first term in the
cross section (2.2). The computation involves the contraction of two Lorentz tensors (i.e., Lµνγγ , W
µν
γγ ),
which we can perform in any frame. We choose the hadronic cm frame in part because the FFs
are understood to be defined in a frame where the outgoing hadron has no transverse momentum.
Therefore, it will be necessary to use this frame when we calculate the structure functions in terms of
transverse momentum dependent (TMD) FFs up to twist-2 accuracy in Sect. 4. Moreover, the result
retains a compact and transparent form when expressed through the CS angles θ, φ. Therefore, we
will use the expressions (3.17), (3.18) for the lepton momenta. In the end, one finds
4
P 0aP
0
b dσem
d3 ~Pad3 ~Pb
=
α2em
q4
×
{{[
(1 + cos2 θ)F 1UU + (1− cos2 θ)F 3UU + (sin 2θ cosφ)F cos φUU + (sin2 θ cos 2φ)F cos 2φUU
]
+ Λa
[
(sin2 θ sin 2φ)F sin 2φLU + (sin 2θ sinφ)F
sinφ
LU
]
+ |~Sa⊥|
[
sinφa
(
(1 + cos2 θ)F 1TU + (1− cos2 θ)F 3TU + (sin 2θ cosφ)F cos φTU
+(sin2 θ cos 2φ)F cos 2φTU
)
+ cosφa
(
(sin2 θ sin 2φ)F sin 2φTU + (sin 2θ sinφ)F
sinφ
TU
)]
+ Λb
[
(sin2 θ sin 2φ)F sin 2φUL + (sin 2θ sinφ)F
sinφ
UL
]
+ |~Sb⊥|
[
sinφb
(
(1 + cos2 θ)F 1UT + (1− cos2 θ)F 3UT + (sin 2θ cosφ)F cosφUT
+(sin2 θ cos 2φ)F cos 2φUT
)
+ cosφb
(
(sin2 θ sin 2φ)F sin 2φUT + (sin 2θ sinφ)F
sinφ
UT
)]
+ ΛaΛb
[
(1 + cos2 θ)F 1LL + (1− cos2 θ)F 3LL + (sin 2θ cosφ)F cos φLL
+(sin2 θ cos 2φ)F cos 2φLL
]
+ Λa|~Sb⊥|
[
cosφb
(
(1 + cos2 θ)F 1LT + (1− cos2 θ)F 3LT + (sin 2θ cosφ)F cos φLT
+(sin2 θ cos 2φ)F cos 2φLT
)
+ sinφb
(
(sin2 θ sin 2φ)F sin 2φLT + (sin 2θ sinφ)F
sinφ
LT
)]
+ |~Sa⊥|Λb
[
cosφa
(
(1 + cos2 θ)F 1TL + (1− cos2 θ)F 3TL + (sin 2θ cosφ)F cos φTL
+(sin2 θ cos 2φ)F cos 2φTL
)
+ sinφa
(
(sin2 θ sin 2φ)F sin 2φTL + (sin 2θ sinφ)F
sinφ
TL
)]
+ |~Sa⊥||~Sb⊥|
[
cos(φa + φb)
(
(1 + cos2 θ)F 1TT + (1− cos2 θ)F 3TT
+(sin 2θ cosφ)F cos φTT + (sin
2 θ cos 2φ)F cos 2φTT
)
+ cos(φa − φb)
(
(1 + cos2 θ)F¯ 1TT + (1− cos2 θ)F¯ 3TT
12
+(sin 2θ cosφ)F¯ cos φTT + (sin
2 θ cos 2φ)F¯ cos 2φTT
)
+ sin(φa + φb)
(
(sin2 θ sin 2φ)F sin 2φTT + (sin 2θ sinφ)F
sinφ
TT
)
+ sin(φa − φb)
(
(sin2 θ sin 2φ)F¯ sin 2φTT + (sin 2θ sinφ)F¯
sinφ
TT
)]}
− 2λe
{[
(sin θ sinφ)GsinφUU
]
+ Λa
[
(cos θ)G2LU + (sin θ cosφ)G
cos φ
LU
]
+ |~Sa⊥|
[
cosφa
(
(cos θ)G¯2TU + (sin θ cosφ)G
cos φ
TU
)
+ sinφa
(
(sin θ sinφ)GsinφTU
)]
+ Λb
[
(cos θ)G2UL + (sin θ cosφ)G
cos φ
UL
]
+ |~Sb⊥|
[
cosφb
(
(cos θ)G¯2UT + (sin θ cosφ)G
cos φ
UT
)
+ sinφb
(
(sin θ sinφ)GsinφUT
)]
+ ΛaΛb
[
(sin θ sinφ)GsinφLL
]
+ Λa|~Sb⊥|
[
cosφb
(
(sin θ sinφ)Gsin φLT
)
+ sinφb
(
(cos θ)G¯2LT + (sin θ cosφ)G
cos φ
LT
)]
+ |~Sa⊥|Λb
[
cosφa
(
(sin θ sinφ)GsinφTL
)
+ sinφa
(
(cos θ)G¯2TL + (sin θ cosφ)G
cos φ
TL
)]
+ |~Sa⊥||~Sb⊥|
[
cos(φa + φb)
(
(sin θ sinφ)GsinφTT
)
+ cos(φa − φb)
(
(sin θ sinφ)G¯sinφTT
)
+ sin(φa + φb)
(
(cos θ)G¨2TT + (sin θ cosφ)G
cos φ
TT
)
+ sin(φa − φb)
(
(cos θ)Gˆ2TT + (sin θ cosφ)G¯
cos φ
TT
)]}}
. (3.21)
We mention that the notation used for some of the structure functions might seem “weird” in that,
e.g., F 3UU shows up but there is no F
2
UU , or G¯
2
TU looks like an odd naming choice. However, this
notation provides a consistency among results when we discuss the electroweak case in Sect. 4. Note
that 72 structure functions appear in Eq. (3.21), which is exactly the same number that we wrote down
when we decomposed the hadronic tensor in Sect. 2. Again these are real valued functions that depend
on scalar variables of the reaction. The terms involving unpolarized leptons have the same angular
structure as the Drell-Yan case analyzed in [26] (see also [27–31]). Also, as Ref. [26] emphasized,
the angular distribution of the cross section is the same for any di-lepton rest frame. That is, the
angles φ and θ are the azimuthal angle of the hadron plane and polar angle of the incoming electron,
respectively, of whichever di-lepton rest frame one chooses, not just the CS frame. Furthermore, the
spin components can be understood in different frames, not just the hadronic cm frame. Of course,
the structure functions will take on different values in each frame.
4 Structure functions at twist-2
Using the parton model to describe the process and assuming q⊥,cm ≪ q, we are able to determine
the structure functions that appear in Eq. (3.21) in terms of TMD FFs. Within this framework (see
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Figure 4: Cross section for e+e−→ hahbX in a partonic description for q⊥,cm ≪ q. The virtual photon
decays into a quark-antiquark pair with (a) the quark (antiquark) fragmenting into ha (hb) or (b) the
antiquark (quark) fragmenting into ha (hb).
Fig. 4) the cross section for the reaction reads [4, 6]
4
P 0aP
0
b dσem
d3 ~Pad3 ~Pb
=
2α2emNc
q6
Lµνγγ
∑
q
e2q
∫
dp+a d
2~pa⊥dp
−
b d
2~pb⊥ δ
(2)(~pa⊥ + ~pb⊥ − ~q⊥)
× Tr
(
∆ha/qγµ∆¯
hb/qγν
)
+
{
∆↔ ∆¯} , (4.1)
where Nc = 3 is the number of colors, eq is the quark charge in units of e > 0, L
µν
γγ is given in
(2.3), and
{
∆↔ ∆¯} takes into account the graph in Fig. 4(b). The summation in Eq. (4.1) then is
only over quark flavors. The arguments of the correlators have been suppressed but are implied as
∆ha/q(pa;Pa, Sa|n¯) and ∆¯hb/q(pb;Pb, Sb|n). Their operator definitions are given, respectively, by
∆
ha/q
ij (pa;Pa;Sa|n¯) =
∑
X
∫ ∫
d4ξ
(2π)4
eipa · ξ〈0|W1(∞, ξ|n¯)ψqi (ξ)|Pa, Sa;X〉
× 〈Pa, Sa;X|ψ¯qj (0)W2(0,∞|n¯)|0〉 , (4.2)
and
∆¯
hb/q
ij (pb;Pb, Sb|n) =
∑
X
∫ ∫
d4ξ
(2π)4
eipb · ξ〈0|W1(∞, ξ|n)ψ¯qj (ξ)|Pb, Sb;X〉
× 〈Pb, Sb;X|ψqi (0)W2(0,∞|n)|0〉 , (4.3)
where n¯ (n) is a lightlike vector conjugate to the direction of Pa (Pb), and W1, W2 are Wilson lines
ensuring the color gauge invariance of the correlators.
In this case we expand the cross section to twist-2, i.e., to order (q⊥,cm/q)
0. In particular this
means cos ξ → 1 and sin ξ → 0 in Eqs. (3.17), (3.18) for the lepton momenta. We can also carry out
the integrations over p+a and p
−
b . The TMD correlators
2 that result can then be written in terms of
twist-2 Dirac structures:
∆ha/q(za, ~pa⊥;Pa, Sa|n¯) = za
(
∆ha/q[γ
−] γ+ −∆ha/q[γ−γ5] γ+γ5 +∆ha/q[iσi−γ5] iσi+γ5
)
, (4.4)
∆¯hb/q(zb, ~pb⊥;Pb, Sb|n) = zb
(
∆¯hb/q[γ
+] γ− − ∆¯hb/q[γ+γ5] γ−γ5 + ∆¯hb/q[iσj+γ5] iσj−γ5
)
, (4.5)
2We mention that one must deal with important technical issues in order to properly define TMD correlators — see,
e.g., [37–41] for recent treatments of these matters. Such complications will not affect the results of this work.
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where
∆ha/q[Γ](za, ~pa⊥;Pa, Sa|n¯) = 1
4za
Tr
[
∆ha/q(za, ~pa⊥;Pa, Sa|n¯) Γ
]
, (4.6)
and likewise for ∆¯hb/q[Γ](zb, ~pb⊥;Pb, Sb|n). The variables za, zb are lightcone momentum fractions that
satisfy P−a = za p
−
a and P
+
b = zb p
+
b . The correlator (4.6) gives eight twist-2 TMD FFs [4]:
∆ha/q[γ
−] = D
ha/q
1 (za, z
2
a~p
2
a⊥) +
ǫij⊥p
i
a⊥S
j
a⊥
Ma
D
⊥ha/q
1T (za, z
2
a~p
2
a⊥) , (4.7)
∆ha/q[γ
−γ5] = ΛaG
ha/q
1L (za, z
2
a~p
2
a⊥) +
~pa⊥ · ~Sa⊥
Ma
G
ha/q
1T (za, z
2
a~p
2
a⊥) , (4.8)
∆ha/q[iσ
i−γ5] = Sia⊥H
ha/q
1T (za, z
2
a~p
2
a⊥)−
ǫij
⊥
p ja⊥
Ma
H
⊥ha/q
1 (za, z
2
a~p
2
a⊥)
+
pia⊥
Ma
[
ΛaH
⊥ha/q
1L (za, z
2
a~p
2
a⊥) +
~pa⊥ · ~Sa⊥
Ma
H
⊥ha/q
1T (za, z
2
a~p
2
a⊥)
]
, (4.9)
where ǫij⊥ ≡ ǫ−+ij and ǫ0123 = 1. Similar expressions hold for ∆¯hb/q[Γ] with Γ = γ+, γ+γ5, iσi+γ5 if
one keeps in mind the relation [29]
∆¯h/q[Γ] =
{
+∆h/q¯[Γ] for γµ, iσµνγ5
−∆h/q¯[Γ] for 1l, iγ5, γµγ5 ,
(4.10)
and notes that hb in this situation has a large plus- (rather than a large minus-) component of
momentum. That is, one has
∆¯hb/q[γ
+] = D
hb/q
1 (zb, z
2
b ~p
2
b⊥)−
ǫij
⊥
pib⊥S
j
b⊥
Mb
D
⊥hb/q
1T (zb, z
2
b ~p
2
b⊥) , (4.11)
∆¯hb/q[γ
+γ5] = −ΛbGhb/q1L (zb, z2b ~p 2b⊥)−
~pb⊥ · ~Sb⊥
Mb
G
hb/q
1T (zb, z
2
b ~p
2
b⊥) , (4.12)
∆¯hb/q[iσ
i+γ5] = Sib⊥H
hb/q
1T (zb, z
2
b ~p
2
b⊥) +
ǫij
⊥
p jb⊥
Mb
H
⊥hb/q
1 (zb, z
2
b ~p
2
b⊥)
+
pib⊥
Mb
[
ΛbH
⊥hb/q
1L (zb, z
2
b ~p
2
b⊥) +
~pb⊥ · ~Sb⊥
Mb
H
⊥hb/q
1T (zb, z
2
b ~p
2
b⊥)
]
. (4.13)
Substituting Eqs. (4.4), (4.5) into (4.1) and contracting the Lorentz indices gives us
4
P 0aP
0
b dσem
d3 ~Pad3 ~Pb
=
4α2emNc
q4
zazb
∑
q
e2q
∫
d2~pa⊥d
2~pb⊥ δ
(2)(~pa⊥ + ~pb⊥ − ~q⊥)
×
[
(1 + cos2 θ)
(
∆ha/q[γ
−]∆¯hb/q[γ
+] +∆ha/q[γ
−γ5]∆¯hb/q[γ
+γ5]
)
+ sin2 θ
(
cos 2φ (δi1δj1 − δi2δj2) + sin 2φ (δi1δj2 + δi2δj1)
)
× ∆ha/q[iσi−γ5]∆¯hb/q[iσj+γ5]
+2λe cos θ
(
∆ha/q[γ
−γ5]∆¯hb/q[γ
+] +∆ha/q[γ
−]∆¯hb/q[γ
+γ5]
)]
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+
{
∆↔ ∆¯} . (4.14)
We now explicitly write Eq. (4.14) in terms of TMD FFs and compare the result to Eq. (3.21) in
order to obtain values for the structure functions at twist-2. We define the convolution of TMD FFs
in transverse momentum space as
C
[
w(~pa⊥, ~pb⊥)D1D¯2
] ≡ 4zazbNc ∑
q
e2q
∫
d2~pa⊥d
2~pb⊥ δ
(2)(~pa⊥ + ~pb⊥ − ~q⊥)w(~pa⊥, ~pb⊥)
×
[
D
ha/q
1 (za, z
2
a~p
2
a⊥)D
hb/q¯
2 (zb, z
2
b ~p
2
b⊥) + D
ha/q¯
1 (za, z
2
a~p
2
a⊥)D
hb/q
2 (zb, z
2
b ~p
2
b⊥)
]
(4.15)
and introduce the following combinations of structure functions:
F
sin(2φ+φa)
TU ≡
1
2
(
F cos 2φTU + F
sin 2φ
TU
)
, F
sin(2φ−φa)
TU ≡
1
2
(
F sin 2φTU − F cos 2φTU
)
,
F
sin(2φ+φb)
UT ≡
1
2
(
F cos 2φUT + F
sin 2φ
UT
)
, F
sin(2φ−φb)
UT ≡
1
2
(
F sin 2φUT − F cos 2φUT
)
,
F
cos(2φ−φb)
LT ≡
1
2
(
F cos 2φLT + F
sin 2φ
LT
)
, F
cos(2φ+φb)
LT ≡
1
2
(
F cos 2φLT − F sin 2φLT
)
,
F
cos(2φ−φa)
TL ≡
1
2
(
F cos 2φTL + F
sin 2φ
TL
)
, F
cos(2φ+φa)
TL ≡
1
2
(
F cos 2φTL − F sin 2φTL
)
,
F
cos(2φ+φa−φb)
TT ≡
1
2
(
F¯ cos 2φTT − F¯ sin 2φTT
)
, F
cos(2φ−φa+φb)
TT ≡
1
2
(
F¯ cos 2φTT + F¯
sin 2φ
TT
)
,
F
cos(2φ−φa−φb)
TT ≡
1
2
(
F cos 2φTT + F
sin 2φ
TT
)
, F
cos(2φ+φa+φb)
TT ≡
1
2
(
F cos 2φTT − F sin 2φTT
)
. (4.16)
We also find it convenient to define the following weights:
w0 ≡ ~p
2
a⊥
2M2a
, w¯0 ≡ ~p
2
b⊥
2M2b
, w′0 ≡
~pa⊥ · ~pb⊥
MaMb
, w1 ≡ hˆ · ~pa⊥
Ma
, w¯1 ≡ hˆ · ~pb⊥
Mb
, (4.17)
w2 ≡ 2(hˆ · ~pa⊥)
2 − ~p 2a⊥
2M2a
, w¯2 ≡ 2(hˆ · ~pb⊥)
2 − ~p 2b⊥
2M2b
, w3 ≡ 2(hˆ · ~pa⊥)(hˆ · ~pb⊥)− ~pa⊥ · ~pb⊥
MaMb
, (4.18)
w4 ≡ 4(hˆ · ~pa⊥)
2(hˆ · ~pb⊥)− 2(hˆ · ~pa⊥)(~pa⊥ · ~pb⊥)− ~p 2a⊥(hˆ · ~pb⊥)
2M2aMb
, (4.19)
w¯4 ≡ 4(hˆ · ~pb⊥)
2(hˆ · ~pa⊥)− 2(hˆ · ~pb⊥)(~pa⊥ · ~pb⊥)− ~p 2b⊥(hˆ · ~pa⊥)
2MaM2b
, (4.20)
w′4 ≡
~p 2a⊥~p
2
b⊥ − 2~p 2a⊥(hˆ · ~pb⊥)2 − 2(hˆ · ~pa⊥) 2~p 2b⊥ + 4(hˆ · ~pa⊥)(hˆ · ~pb⊥)[2(hˆ · ~pa⊥)(hˆ · ~pb⊥)− (~pa⊥ · ~pb⊥)]
4M2aM
2
b
,
(4.21)
where hˆ ≡ ~q⊥,cm/|~q⊥,cm|, and we have suppressed the arguments of the w’s for brevity. Note also we
define H
h/q
1 (z, z
2~p 2⊥) ≡
[
H
h/q
1T (z, z
2~p 2⊥) + (~p
2
⊥/2M
2)H
⊥h/q
1T (z, z
2~p 2⊥)
]
. In the end, one finds
F 1UU = C
[
D1D¯1
]
, F cos 2φUU = C
[
w3H
⊥
1 H¯
⊥
1
]
, F sin 2φLU = −C
[
w3H
⊥
1LH¯
⊥
1
]
, F sin 2φUL = C
[
w3H
⊥
1 H¯
⊥
1L
]
,
(4.22)
16
F 1TU = C
[
w1D
⊥
1T D¯1
]
, F
sin(2φ+φa)
TU =−C
[
w4H
⊥
1T H¯
⊥
1
]
, F
sin(2φ−φa)
TU = −C
[
w¯1H1H¯
⊥
1
]
, (4.23)
F 1UT = −C
[
w¯1D1D¯
⊥
1T
]
, F
sin(2φ+φb)
UT = C
[
w¯4H
⊥
1 H¯
⊥
1T
]
, F
sin(2φ−φb)
UT = C
[
w1H
⊥
1 H¯1
]
, (4.24)
F 1LL = −C
[
G1LG¯1L
]
, F cos 2φLL = C
[
w3H
⊥
1LH¯
⊥
1L
]
, (4.25)
F 1LT = −C
[
w¯1G1LG¯1T
]
, F
cos(2φ−φb)
LT = C
[
w1H
⊥
1LH¯1
]
, F
cos(2φ+φb)
LT = C
[
w¯4H
⊥
1LH¯
⊥
1T
]
, (4.26)
F 1TL = −C
[
w1G1T G¯1L
]
, F
cos(2φ−φa)
TL = C
[
w¯1H1H¯
⊥
1L
]
, F
cos(2φ+φa)
TL = C
[
w4H
⊥
1T H¯
⊥
1L
]
(4.27)
F 1TT = C
[w3
2
(
D⊥1T D¯
⊥
1T −G1T G¯1T
)]
, F¯ 1TT = −C
[
w′0
2
(
D⊥1T D¯
⊥
1T +G1T G¯1T
)]
, (4.28)
F
cos(2φ−φa−φb)
TT = C
[
H1H¯1
]
, F
cos(2φ+φa−φb)
TT = C
[
w2H
⊥
1T H¯1
]
, (4.29)
F
cos(2φ−φa+φb)
TT = C
[
w¯2H1H¯
⊥
1T
]
, F
cos(2φ+φa+φb)
TT = C
[
w′4H
⊥
1T H¯
⊥
1T
]
, (4.30)
G2LU = −C
[
G1LD¯1
]
, G2UL = C
[
D1G¯1L
]
, G¯2TU = −C
[
w1G1T D¯1
]
, G¯2UT = C
[
w¯1D1G¯1T
]
,
(4.31)
G¯2LT = C
[
w¯1G1LD¯
⊥
1T
]
, G¯2TL = C
[
w1D
⊥
1T G¯1L
]
, (4.32)
G¨2TT = C
[w3
2
(
D⊥1T G¯1T +G1T D¯
⊥
1T
)]
, Gˆ2TT = C
[
w′0
2
(
D⊥1T G¯1T −G1T D¯⊥1T
)]
. (4.33)
All the results (4.22)–(4.33) agree with Ref. [4]. Note, however, that in [4] different conventions for
the azimuthal angles are used.
We now extend our discussion to the electroweak case where the electron and positron can annihi-
late into a Z-boson. That is, we will calculate the last two terms in Eq. (2.2) within the TMD parton
model framework at twist-2. We mention that a general (model-independent) description becomes
much more involved in particular because one no longer has the parity constraint on the hadronic
tensor, and, thus, more structure functions enter. We will not pursue such an analysis here. One can
follow a similar procedure to the method outlined already in this section in order to write the cross
section in terms of twist-2 TMD FFs. For the case of unpolarized leptons, this gives us the result
4
P 0aP
0
b dσew
d3 ~Pa d3 ~Pb
=
[
(1 + cos2 θ)F 1,ewUU + (cos θ)F
2,ew
UU + (sin
2 θ cos 2φ)F cos 2φ,ewUU + (sin
2 θ sin 2φ)F sin 2φ,ewUU
]
+Λa
[
(1 + cos2 θ)F 1,ewLU + (cos θ)F
2,ew
LU + (sin
2 θ sin 2φ)F sin 2φ,ewLU + (sin
2 θ cos 2φ)F cos 2φ,ewLU
]
+ |~Sa⊥|
[
sinφa
(
(1 + cos2 θ)F 1,ewTU + (cos θ)F
2,ew
TU
)
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+ cosφa
(
(1 + cos2 θ)F¯ 1,ewTU + (cos θ)F¯
2,ew
TU
)
+ sin(2φ− φa)(sin2 θ)F sin(2φ−φa)TU + cos(2φ− φa)(sin2 θ)F cos(2φ−φa)TU
+sin(2φ+ φa)(sin
2 θ)F
sin(2φ+φa)
TU + cos(2φ+ φa)(sin
2 θ)F
cos(2φ+φa)
TU
]
+Λb
[
(1 + cos2 θ)F 1,ewUL + (cos θ)F
2,ew
UL + (sin
2 θ sin 2φ)F sin 2φ,ewUL + (sin
2 θ cos 2φ)F cos 2φ,ewUL
]
+ |~Sb⊥|
[
sinφb
(
(1 + cos2 θ)F 1,ewUT + (cos θ)F
2,ew
UT
)
+ cosφb
(
(1 + cos2 θ)F¯ 1,ewUT + (cos θ)F¯
2,ew
UT
)
+ sin(2φ− φb)(sin2 θ)F sin(2φ−φb)UT + cos(2φ− φb)(sin2 θ)F cos(2φ−φb)UT
+sin(2φ+ φb)(sin
2 θ)F
sin(2φ+φb)
UT + cos(2φ+ φb)(sin
2 θ)F
cos(2φ+φb)
UT
]
+Λa Λb
[
(1 + cos2 θ)F 1,ewLL + (cos θ)F
2,ew
LL + (sin
2 θ cos 2φ)F cos 2φ,ewLL + (sin
2 θ sin 2φ)F sin 2φ,ewLL
]
+Λa |~Sb⊥|
[
cosφb
(
(1 + cos2 θ)F 1,ewLT + (cos θ)F
2,ew
LT
)
+ sinφb
(
(1 + cos2 θ)F¯ 1,ewLT + (cos θ)F¯
2,ew
LT
)
+ sin(2φ− φb)(sin2 θ)F sin(2φ−φb),ewLT + cos(2φ− φb)(sin2 θ)F cos(2φ−φb),ewLT
+sin(2φ+ φb)(sin
2 θ)F
sin(2φ+φb),ew
LT + cos(2φ+ φb)(sin
2 θ)F
cos(2φ+φb),ew
LT
]
+ |~Sa⊥|Λb
[
cosφa
(
(1 + cos2 θ)F 1,ewTL + (cos θ)F
2,ew
TL
)
+ sinφa
(
(1 + cos2 θ)F¯ 1,ewTL + (cos θ)F¯
2,ew
TL
)
+ sin(2φ− φa)(sin2 θ)F sin(2φ−φa),ewTL + cos(2φ− φa)(sin2 θ)F cos(2φ−φa),ewTL
+sin(2φ+ φa)(sin
2 θ)F
sin(2φ+φa),ew
TL + cos(2φ+ φa)(sin
2 θ)F
cos(2φ+φa),ew
TL
]
+ |~Sa⊥| |~Sb⊥|
[
cos(φa + φb)
(
(1 + cos2 θ)F 1,ewTT + (cos θ)F
2,ew
TT
)
+ cos(φa − φb)
(
(1 + cos2 θ)F¯ 1,ewTT + (cos θ)F¯
2,ew
TT
)
+ sin(φa + φb)
(
(1 + cos2 θ)F¨ 1,ewTT + (cos θ)F¨
2,ew
TT
)
+ sin(φa − φb)
(
(1 + cos2 θ)Fˆ 1,ewTT + (cos θ)Fˆ
2,ew
TT
)
+ cos(2φ− φa − φb)(sin2 θ)F cos(2φ−φa−φb),ewTT
+ cos(2φ− φa + φb)(sin2 θ)F cos(2φ−φa+φb),ewTT
+ cos(2φ+ φa − φb)(sin2 θ)F cos(2φ+φa−φb),ewTT
+ cos(2φ+ φa + φb)(sin
2 θ)F
cos(2φ+φa+φb),ew
TT
+ sin(2φ− φa − φb)(sin2 θ)F sin(2φ−φa−φb),ewTT
+ sin(2φ− φa + φb)(sin2 θ)F sin(2φ−φa+φb),ewTT
+ sin(2φ+ φa − φb)(sin2 θ)F sin(2φ+φa−φb),ewTT
+sin(2φ+ φa + φb)(sin
2 θ)F
sin(2φ+φa+φb),ew
TT
]
. (4.34)
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Figure 5: Analogue of the Gottfried-Jackson frame for e+e−→ hahbX. The incoming electron makes
an angle θ2 w.r.t. the +z-axis defined by ~Pb, and the hadron ha moves in a plane that forms an angle
φ0 w.r.t. the lepton plane.
We leave the actual expressions of the structure functions in terms of twist-2 TMD FFs for Appendix A
since they are quite a bit “messier” than the pure electromagnetic case given in Eqs. (4.22)–(4.33).
We can also allow for lepton polarization, where it then becomes convenient to write the cross section
as
4
P 0aP
0
b d∆σew
d3 ~Pa d3 ~Pb
≡ 1
2
[(
4
P 0aP
0
b dσ
λe=+1
ew
d3 ~Pa d3 ~Pb
)
−
(
4
P 0aP
0
b dσ
λe=−1
ew
d3 ~Pa d3 ~Pb
)]
. (4.35)
One finds this cross section has the exact same angular decomposition as Eq. (4.34). Obviously the
structure functions that enter Eq. (4.35) have different values than those in (4.34), and we give these
results in Appendix A as well. Thus, we have for the first time a complete framework for the study of
TMD FFs within e+e−→ hahbX including electroweak terms and the polarization of all particles. We
also consider the reactions e+e−→ h jetX and e+e−→ hX in Appendix B. Note that the chiral-even
TMD FFs in principle can also be studied by looking at a hadron inside a jet in e+e−→ (h jet)X [42].
We mention that the GJ frame differs from the CS frame by a rotation about the y-axis. It turns
out that the angle of this rotation is exactly the angle ξ defined immediately after Eq. (3.9), which is
zero to order (q⊥,cm/q)
0. Therefore, the frames are equivalent at leading twist. Consequently, one can
translate our twist-2 parton model results that involve CS angles to ones that involve GJ angles by
making the replacements θ → θ2 and φ → φ0 in the angular prefactors and keeping the same values
for the structure functions. Here θ2 and φ0 are angles in the GJ frame (see Fig. 5). In this way our
results have an exact connection to experimental analyses performed in the GJ frame and directly
allow for the extraction of twist-2 TMD FFs.
5 Discussion and conclusions
Several additional comments are in order on our results. First, we note that if we make the identi-
fications (4P 0aP
0
b dσ/d
3 ~Pad
3 ~Pb)e+e− → (4l0l′ 0dσ/d3~l d3~l ′)DY , za (zb) → xa (xb), and Nc → 1/Nc, the
structure functions associated with unpolarized leptons (i.e., the F ones) for the pure electromagnetic
case are the same as those given in Ref. [26] for Drell-Yan with the TMD PDFs replaced by their
TMD FF analogues. The only additional change one must remember is that ha (hb) in the e
+e− case
has a large minus- (plus-) component of momentum, whereas for Drell-Yan one normally uses the
reverse convention. This difference affects the TMD FF equivalents to the Sivers function f⊥1T and
Boer-Mulders function h⊥1 (i.e., the “polarizing” FF D
⊥
1T and the Collins function H
⊥
1 ) since these
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have prefactors that contain ǫij
⊥
. The interchange of “plus” with “minus” between the TMD PDFs
and TMD FFs introduces a negative sign when one replaces f⊥1T with D
⊥
1T and h
⊥
1 with H
⊥
1 . This
adjustment is reflected in the values of the F structure functions given above. Along the same lines,
one can easily transcribe our results in Appendix A to obtain the relevant expressions for Drell-Yan
when one allows the qq¯ pair to annihilate into a Z-boson. Thus, we have for the first time full re-
sults for double-polarized Drell-Yan that include electroweak effects, which would be needed if such
experiments were conducted at RHIC.
Next, 32 of the 72 total structure functions for the pure electromagnetic case are relevant at leading
twist in that the angular prefactors associated with them enter into Eq. (4.14). Furthermore, note that
96 more angular structure functions show up at twist-2 once one allows for a virtual Z-boson. For
example, in the unpolarized case the two functions F 2,ewUU and F
sin 2φ,ew
UU arise due to Z-Z and γ-Z
interference. In particular, the sin 2φ azimuthal dependence is generated by the imaginary part of
the Z-propagator and is proportional to the decay width ΓZ . This structure function leads to a
double-Collins asymmetry [6]. Also, notice that many of the FFs appear in more than one structure
function. Of these, D1, which describes the fragmentation of an unpolarized quark into an unpolarized
hadron, is the most accurately known [43–51]. Because certain FFs enter into multiple structure
functions, measuring several of these angular modulations would provide important cross-checks on
the formalism presented here, i.e., one must ascertain if a consistency exists between extractions of the
same function through two different asymmetries. Of course, to gain access to the relevant FFs would
require the detection of (both longitudinally and transversely) polarized hadrons. One interesting
structure function to probe through, e.g., e+e−→γ∗→Λ↑πX would be F sin(2φ−φa)TU , which in principle
would allow for the extraction of H1. Then one could access the transversity h1 through the SIDIS
reaction ep↑ → e′Λ↑X in collinear factorization (i.e., h1(x) couples to H1(z)).
In addition, there are a few measurements using polarized leptons that could be beneficial. One
useful measurement would be of G¯2TU , which would give direct access to G1T without the need to first
extract G1L as would be required if one only used unpolarized leptons (cf. Eq. (4.27)). Furthermore,
an example of a cross-check that could be performed would be to analyze G2LU in order to obtain G1L,
and then compare that extraction to the one of G1L from F
1
LL or from F
2,ew
LL . The latter structure
function (F 2,ewLL ) has not shown up in the literature so far. Given that F
2,ew
LL only has Z-Z and γ-Z
contributions, one could access this function through a future ILC [17]. Moreover, one can use the
cos 2φ double-Collins asymmetry that arises from Gcos 2φ,ewUU to access the Collins function. This again
is a new structure function that has not appeared in the literature before. Such an experiment could
again be performed at the ILC. This result could then be checked against the Collins function that
has been obtained recently from Belle and BABAR data [12]. Given that the ILC would have around
two orders of magnitude higher cm energy than Belle and BABAR, such an analysis, as well as the
aforementioned cross-check of G1L, would also be an important test of the TMD evolution formalism
and its application to phenomenology, which has been of recent interest [52–58].
Finally, the most studied of these structure functions from an experimental standpoint is F cos 2φUU ,
which is responsible for the azimuthal cos 2φ double-Collins asymmetry [4, 6]. We repeat that this
asymmetry has been measured by both the Belle Collaboration [2] and the BABAR Collaboration [3]
in order to obtain information on the Collins function H⊥1 [5]. Along with an asymmetry involving the
Collins function and the transversity h1 that has been determined in SIDIS [7–9], extractions of both
functions have been performed [10–12]. We mention again that one can also have cos 2φ as well as a
sin 2φ double-Collins asymmetries that result from Z-Z and γ-Z reactions (for both unpolarized and
polarized leptons), which would be beneficial to explore, although the sin 2φ asymmetry is most likely
numerically small because it only involves γ-Z terms [6]. Nevertheless, knowledge of γ-Z interference
terms in general would be needed for precision measurements of TMD FFs at Belle and BABAR.
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Another T-odd FF similar to the Collins function is D⊥1T , which describes the fragmentation of an
unpolarized quark into a transversely polarized hadron and becomes relevant in the detection of Λ’s
— see, e.g., [13] and references therein. The universality of both functions has also been a topic of
interest [42,59–64].
To conclude, we have analyzed the production of almost back-to-back hadron pairs from electron-
positron annihilation, allowing for the polarization of all particles involved. We have given a general
(model-independent) analysis for the pure electromagnetic case e+e−→ γ∗→ hahbX and also calcu-
lated, using the parton model, the relevant structure functions in terms of twist-2 TMD FFs. Fur-
thermore, we have studied the electroweak reaction e+e−→Z∗→hahbX (including γ-Z interference)
within this model. This is the first time a complete framework has been presented for the examination
of TMD FFs within e+e−→ hahbX. Note that the general form of the hadronic tensor found in Sect. 2
can be readily used in triple-polarized SIDIS and for di-hadron fragmentation. We have also discussed
the importance of our results for future e+e− experiments (especially ones with polarized leptons),
which include cross-checks of TMD FF extractions and tests of TMD evolution. Both of these ap-
plications involve structure functions that have not appeared in the literature before. Moreover, we
have given an explicit prescription of how our work can be translated to the Drell-Yan reaction. This
again is the first time full results are available for double-polarized Drell-Yan that include electroweak
effects. Such experiments could be performed at RHIC.
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Appendices
A Electroweak twist-2 structure functions for polarized hadron pairs
In this Appendix we give the values of the twist-2 electroweak structure functions that appear in
Eqs. (4.34), (4.35). Recall that (4.35) (for lepton polarization) has the exact same angular decomposi-
tion as (4.34), and we will use G to denote the structure functions that enter into the former. The same
weights in Eqs. (4.17)–(4.21) will enter into the electroweak case as well. The relevant convolutions of
TMD FFs in transverse momentum space read
Cqew
[
w(~pa⊥, ~pb⊥)D1D¯2
] ≡ 4zazbNc ∫ d2~pa⊥d2~pb⊥ δ(2)(~pa⊥ + ~pb⊥ − ~q⊥)w(~pa⊥, ~pb⊥)
×
[
D
ha/q
1 (za, z
2
a~p
2
a⊥)D
hb/q¯
2 (zb, z
2
b ~p
2
b⊥) + D
ha/q¯
1 (za, z
2
a~p
2
a⊥)D
hb/q
2 (zb, z
2
b ~p
2
b⊥)
]
, (A.1)
C˜qew
[
w(~pa⊥, ~pb⊥)D1D¯2
] ≡ 4zazbNc ∫ d2~pa⊥d2~pb⊥ δ(2)(~pa⊥ + ~pb⊥ − ~q⊥)w(~pa⊥, ~pb⊥)
×
[
D
ha/q
1 (za, z
2
a~p
2
a⊥)D
hb/q¯
2 (zb, z
2
b ~p
2
b⊥)− Dha/q¯1 (za, z2a~p 2a⊥)Dhb/q2 (zb, z2b ~p 2b⊥)
]
. (A.2)
The “symmetric” convolution Cqew is analogous to the one defined in the pure electromagnetic case
while the “antisymmetric” convolution C˜qew is a new feature of the electroweak reaction. The latter
enters because the contribution from Fig. 4(b) for terms that involve the axial part of the quark-Z
coupling differs in sign from Fig. 4(a). The weak charges are given by
aq =
{
1− 83 sin2 θW , q = u, c, t, u¯, c¯, t¯
1 + 43 sin
2 θW , q = d, s, b, d¯, s¯, b¯
, bq =
{−1, q = u, c, t, u¯, c¯, t¯
+1, q = d, s, b, d¯, s¯, b¯
. (A.3)
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We also find it convenient to use a shorthand notation for the following functions of s = q2:
Fγγ(s) = α
2
em
s2
,
FZZ(s) = G
2
FM
4
Z
128π2
(
(s−M2Z)2 + Γ2ZM2Z
) ,
FγZ(s) = αemGFM
2
Z (s −M2Z)
4
√
2π s
(
(s−M2Z)2 + Γ2ZM2Z
) ,
F˜γZ(s) = αemGFM
2
Z ΓZMZ
4
√
2π s
(
(s−M2Z)2 + Γ2ZM2Z
) . (A.4)
These functions show up in eight flavor-dependent combinations:
Fq±1 (s) ≡ e2qFγγ(s) + (1 + a2Z)(a2q ± b2q)FZZ(s)− aZeqaqFγZ(s) , (A.5)
Fq2 (s) ≡ 4aZaqbqFZZ(s)− eqbqFγZ(s) , (A.6)
Fq,aZ3 (s) ≡ aZeqbqF˜γZ(s) , Fq3 (s) ≡ eqbqF˜γZ(s) (A.7)
Fq4 (s) ≡ 2(1 + a2Z)aqbqFZZ(s)− aZeqbqFγZ(s) , (A.8)
Fq±5 (s) ≡ 2aZ(a2q ± b2q)FZZ(s)− eqaq FγZ(s) . (A.9)
Finally we are able to write down the twist-2 electroweak structure functions. Note that the
pure electromagnetic results are included again for completeness. For the case of unpolarized leptons
(Eq. (4.34)) we have
F 1,ewUU =
∑
q
Fq+1 (s)Cqew
[
D1 D¯1
]
, F 2,ewUU = 2
∑
q
Fq2 (s) C˜qew
[
D1 D¯1
]
, (A.10)
F cos 2φ,ewUU =
∑
q
Fq−1 (s)Cqew
[
w3H
⊥
1 H¯
⊥
1
]
, F sin 2φ,ewUU =
∑
q
Fq,az3 (s) C˜qew
[
w3H
⊥
1 H¯
⊥
1
]
, (A.11)
F 1,ewLU =
∑
q
Fq4 (s) C˜qew
[
G1L D¯1
]
, F 2,ewLU = 2
∑
q
Fq+5 (s)Cqew
[
G1L D¯1
]
, (A.12)
F sin 2φ,ewLU = −
∑
q
Fq−1 (s)Cqew
[
w3H
⊥
1L H¯
⊥
1
]
, F cos 2φ,ewLU =
∑
q
Fq,az3 (s) C˜qew
[
w3H
⊥
1L H¯
⊥
1
]
, (A.13)
F 1,ewTU =
∑
q
Fq+1 (s)Cqew
[
w1D
⊥
1T D¯1
]
, F 2,ewTU = 2
∑
q
Fq2 (s) C˜qew
[
w1D
⊥
1T D¯1
]
, (A.14)
F¯ 1,ewTU =
∑
q
Fq4 (s) C˜qew
[
w1G1T D¯1
]
, F¯ 2,ewTU = 2
∑
q
Fq+5 (s)Cqew
[
w1G1T D¯1
]
, (A.15)
F
sin(2φ−φa),EW
TU = −
∑
q
Fq−1 (s)Cqew
[
w¯1H1 H¯
⊥
1
]
, F
cos(2φ−φa),ew
TU =
∑
q
Fq,az3 (s) C˜qew
[
w¯1H1 H¯
⊥
1
]
,
(A.16)
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F
sin(2φ+φa),ew
TU = −
∑
q
Fq−1 (s)Cqew
[
w4H
⊥
1T H¯
⊥
1
]
, F
cos(2φ+φa),ew
TU =
∑
q
Fq,az3 (s) C˜qew
[
w4H
⊥
1T H¯
⊥
1
]
,
(A.17)
F 1,ewUL = −
∑
q
Fq4 (s) C˜qew
[
D1 G¯1L
]
, F 2,ewUL = −2
∑
q
Fq+5 (s)Cqew
[
D1 G¯1L
]
, (A.18)
F sin 2φ,ewUL =
∑
q
Fq−1 (s)Cqew
[
w3H
⊥
1 H¯
⊥
1L
]
, F cos 2φ,ewUL = −
∑
q
Fq,az3 (s) C˜qew
[
w3H
⊥
1 H¯
⊥
1L
]
, (A.19)
F 1,ewUT = −
∑
q
Fq+1 (s)Cqew
[
w¯1D1 D¯
⊥
1T
]
, F 2,ewUT = −2
∑
q
Fq2 (s) C˜qew
[
w¯1D1 D¯
⊥
1T
]
, (A.20)
F¯ 1,ewUT = −
∑
q
Fq4 (s) C˜qew
[
w¯1D1 G¯1T
]
, F¯ 2,ewUT = −2
∑
q
Fq+5 (s)Cqew
[
w¯1D1 G¯1T
]
, (A.21)
F
sin(2φ−φb),ew
UT =
∑
q
Fq−1 (s)Cqew
[
w1H
⊥
1 H¯1
]
, F
cos(2φ−φb),ew
UT = −
∑
q
Fq,az3 (s) C˜qew
[
w1H
⊥
1 H¯1
]
,
(A.22)
F
sin(2φ+φb),ew
UT =
∑
q
Fq−1 (s)Cqew
[
w¯4H
⊥
1 H¯
⊥
1T
]
, F
cos(2φ+φb),ew
UT = −
∑
q
Fq,az3 (s) C˜qew
[
w¯4H
⊥
1 H¯
⊥
1T
]
,
(A.23)
F 1,ewLL = −
∑
q
Fq+1 (s)Cqew
[
G1L G¯1L
]
, F 2,ewLL = −2
∑
q
Fq2 (s) C˜qew
[
G1L G¯1L
]
, (A.24)
F cos 2φ,ewLL =
∑
q
Fq−1 (s)Cqew
[
w3H
⊥
1L H¯
⊥
1L
]
, F sin 2φ,ewLL =
∑
q
Fq,az3 (s) C˜qew
[
w3H
⊥
1L H¯
⊥
1L
]
, (A.25)
F 1,ewLT = −
∑
q
Fq+1 (s)Cqew
[
w¯1G1L G¯1T
]
, F 2,ewLT = −2
∑
q
Fq2 (s) C˜qew
[
w¯1G1L G¯1T
]
, (A.26)
F¯ 1,ewLT = −
∑
q
Fq4 (s) C˜qew
[
w¯1G1L D¯
⊥
1T
]
, F¯ 2,ewLT = 2
∑
q
Fq+5 (s)Cqew
[
w¯1G1L D¯
⊥
1T
]
, (A.27)
F
sin(2φ−φb),ew
LT =
∑
q
Fq,az3 (s) C˜qew
[
w1H
⊥
1L H¯1
]
, F
cos(2φ−φb),ew
LT =
∑
q
Fq−1 (s)Cqew
[
w1H
⊥
1L H¯1
]
,
(A.28)
F
sin(2φ+φb),ew
LT =
∑
q
Fq,az3 (s) C˜qew
[
w¯4H
⊥
1L H¯
⊥
1T
]
, F
cos(2φ+φb),ew
LT =
∑
q
Fq−1 (s)Cqew
[
w¯4H
⊥
1L H¯
⊥
1T
]
,
(A.29)
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F 1,ewTL = −
∑
q
Fq+1 (s)Cqew
[
w1G1T G¯1L
]
, F 2,ewTL = −2
∑
q
Fq2 (s) C˜qew
[
w1G1T G¯1L
]
, (A.30)
F¯ 1,ewTL = −
∑
q
Fq4 (s) C˜qew
[
w1D
⊥
1T G¯1L
]
, F¯ 2,ewTL = 2
∑
q
Fq+5 (s)Cqew
[
w1D
⊥
1T G¯1L
]
, (A.31)
F
sin(2φ−φa),ew
TL =
∑
q
Fq,az3 (s) C˜qew
[
w¯1H1 H¯
⊥
1L
]
, F
cos(2φ−φa),ew
TL =
∑
q
Fq+1 (s)Cqew
[
w¯1H1 H¯
⊥
1L
]
,
(A.32)
F
sin(2φ+φa),ew
TL =
∑
q
Fq,az3 (s) C˜qew
[
w4H
⊥
1T H¯
⊥
1L
]
, F
cos(2φ+φa),ew
TL =
∑
q
Fq−1 (s)Cqew
[
w4H
⊥
1T H¯
⊥
1L
]
,
(A.33)
F 1,ewTT =
∑
q
Fq+1 (s)Cqew
[w3
2
(D⊥1T D¯
⊥
1T −G1T G¯1T )
]
, (A.34)
F 2,ewTT = −
∑
q
Fq2 (s) C˜qew
[
w3 (G1T G¯1T −D⊥1T D¯⊥1T )
]
, (A.35)
F¯ 1,ewTT = −
∑
q
Fq+1 (s)Cqew
[
w′0
2
(D⊥1T D¯
⊥
1T +G1T G¯1T )
]
, (A.36)
F¯ 2,ewTT = −
∑
q
Fq2 (s) C˜qew
[
w′0 (G1T G¯1T +D
⊥
1T D¯
⊥
1T )
]
, (A.37)
F¨ 1,ewTT = −
∑
q
Fq4 (s) C˜qew
[w3
2
(D⊥1T G¯1T +G1T D¯
⊥
1T )
]
, (A.38)
F¨ 2,ewTT = −
∑
q
Fq+5 (s)Cqew
[
w3 (D
⊥
1T G¯1T +G1T D¯
⊥
1T )
]
, (A.39)
Fˆ 1,ewTT = −
∑
q
Fq4 (s) C˜qew
[
w′0
2
(D⊥1T G¯1T −G1T D¯⊥1T )
]
, (A.40)
Fˆ 2,ewTT = −
∑
q
Fq+5 (s)Cqew
[
w′0 (D
⊥
1T G¯1T −G1T D¯⊥1T )
]
, (A.41)
F
cos(2φ−φa−φb),ew
TT =
∑
q
Fq−1 (s)Cqew
[
H1 H¯1
]
, F
cos(2φ−φa+φb),ew
TT =
∑
q
Fq−1 (s)Cqew
[
w¯2H1 H¯
⊥
1T
]
,
(A.42)
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F
cos(2φ+φa−φb),ew
TT =
∑
q
Fq−1 (s)Cqew
[
w2H
⊥
1T H¯1
]
, F
cos(2φ+φa+φb),ew
TT =
∑
q
Fq−1 (s)Cqew
[
w′4H
⊥
1T H¯
⊥
1T
]
,
(A.43)
F
sin(2φ−φa−φb),ew
TT =
∑
q
Fq,az3 (s) C˜qew
[
H1 H¯1
]
, F
sin(2φ−φa+φb),ew
TT =
∑
q
Fq,az3 (s) C˜qew
[
w¯2H1 H¯
⊥
1T
]
,
(A.44)
F
sin(2φ+φa−φb),ew
TT =
∑
q
Fq,az3 (s) C˜qew
[
w2H
⊥
1T H¯1
]
, F
sin(2φ+φa+φb),ew
TT =
∑
q
Fq,az3 (s) C˜
[
w′4H
⊥
1T H¯
⊥
1T
]
.
(A.45)
And for the case of polarized leptons (Eq. (4.35)) we find that one can obtain the values of the structure
functions by making the following replacements in Eqs. (A.10)–(A.45). (Note again that we use G to
label structure functions associated with polarized leptons.)
F −→ G
Fq±1 (s) −→ Fq±5 (s)
Fq2 (s) −→ Fq4 (s)
Fq,az3 (s) −→ Fq3 (s)
Fq4 (s) −→ Fq2 (s)
Fq+5 (s) −→ Fq+1 (s)
(A.46)
Where possible, we have compared our electroweak results to [6,14,16]. The only disagreement is that
for structure functions where the antisymmetric convolution C˜ew shows up, Refs. [6, 14, 16] have the
symmetric convolution Cew. Again we note that in [6, 14, 16] different conventions for the azimuthal
angles are used.
B Electroweak twist-2 structure functions for hadron-jet and single
hadron production
In this Appendix we give the twist-2 cross section for e+e−→ h jetX and e+e−→ hX.3 The former
can be found from Eq. (4.34) by setting D¯1(zb, z
2
b ~p
2
b⊥) = δ
(2)(~pb⊥)δ(1−zb). (Terms that do not contain
D¯1 are zero.) This leads to
4
P 0hP
0
Jdσew
d3 ~Ph d3 ~PJ
= zNc δ(1 − zJ)
{[
(1 + cos2 θ)F 1,ewUJ + (cos θ)F
2,ew
UJ
]
+ Λh
[
(1 + cos2 θ)F 1,ewLJ + (cos θ)F
2,ew
LJ
]
+ |~Sh⊥|
[
sinφSh
(
(1 + cos2 θ)F 1,ewTJ + (cos θ)F
2,ew
TJ
)
+ cosφSh
(
(1 + cos2 θ)F¯ 1,ewTJ + (cos θ)F¯
2,ew
TJ
)]}
. (B.1)
3As before, we only explicitly write out the results for unpolarized leptons. One can obtain the polarized lepton
expressions from the prescription in (A.46).
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The values of the structure functions in (B.1) are given by
F 1,ewUJ =
∑
q,q¯
Fq+1 (s)Dh/q1 (z, z2~q 2⊥) , F 2,ewUJ = 2
∑˜
q,q¯
Fq2 (s)Dh/q1 (z, z2~q 2⊥) , (B.2)
F 1,ewLJ =
∑˜
q,q¯
Fq4 (s)Gh/q1L (z, z2~q 2⊥) , F 2,ewLJ = 2
∑
q,q¯
Fq+5 (s)Gh/q1L (z, z2~q 2⊥) , (B.3)
F 1,ewTJ =
∑
q,q¯
Fq+1 (s)
q⊥
Mh
D
⊥h/q
1T (z, z
2~q 2⊥) , F
2,ew
TJ = 2
∑˜
q,q¯
Fq2 (s)
q⊥
Mh
D
⊥h/q
1T (z, z
2~q 2⊥) , (B.4)
F¯ 1,ewTJ =
∑˜
q,q¯
Fq4 (s)
q⊥
Mh
G
h/q
1T (z, z
2~q 2⊥) , F¯
2,ew
TJ = 2
∑
q,q¯
Fq+5 (s)
q⊥
Mh
G
h/q
1T (z, z
2~q 2⊥) , (B.5)
where
∑˜
q,q¯
Dh/q ≡ (Dh/q −Dh/q¯), and we understand q⊥ in the hadronic cm frame.
One can obtain the cross section for e+e−→ hX by using d3 ~Ph/P 0h = (dz/z)(z2d2~q⊥) (since
pa⊥ ≡ ~p⊥ = ~q⊥) and d3 ~PJ/P 0J = (q2/4)(zJdzJ d(cos θ) dφ), where θ is the scattering angle of the
hadron relative to the incoming leptons (in their rest frame) and φ is its azimuthal angle. This leads
to
dσew
dz d(cos θ)
=
πNc q
2
8
{[
(1 + cos2 θ)F 1,ewU + (cos θ)F
2,ew
U
]
+ Λh
[
(1 + cos2 θ)F 1,ewL + (cos θ)F
2,ew
L
]}
, (B.6)
where
F 1,ewU =
∑
q,q¯
Fq+1 (s)Dh/q1 (z) , F 2,ewU = 2
∑˜
q,q¯
Fq2 (s)Dh/q1 (z) , (B.7)
F 1,ewL =
∑˜
q,q¯
Fq4 (s)Gh/q1L (z) , F 2,ewL = 2
∑
q,q¯
Fq+5 (s)Gh/q1L (z) . (B.8)
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